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It is known [9, 151 exactly which double covers of S, can be realized 
over number fields using trinomials of the form x” + aX+b. In 
Sections 2, 3 we exhibit “generic” trinomials over the rational function field 
Q( U, V) which yield regular extensions of Q( U, V) realizing all these 
double covers. Applying Hilbert’s irreducibility theorem yields known 
result over number fields, but even here we feel this is the “right” proof of 
these results, in that it is simpler and shows how directly they follow from 
Serre’s formulae. In Section 4 we prove that every central extension of S,, 
is a Galois group over every number field for the following values of n: 
n-0 (mod 8) 
n=l (mod 8) 
n=2 (mod 8), n a sum of two squares 
TIE3 (mod 8 ), iz - 1 a sum of two squares. 
The result also holds in the latter two cases if n (n - 1 resp.) is of the 
form x2 + 2y2, if 2 is not a square in the ground field. 
In [4] it is proved that every central extension of S,Z is a Galois group 
over every number field for n = 5, 6, using generalized Laguerre polyno- 
mials. 
1. SERRE'S FORMULA FOR TRINOMIALS 
The material in this section is due to Serre [ 111. Let q be a non- 
degenerate quadratic form in n variables over a field K of characteristic f2. 
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For a, b E K*, let (a, b) denote the quaternion algebra class in the Brauer 
group Br(K) of K. The Witt invariant w(q) of q is defined by 
where q-a,xT+ ... + l&x;. 
Let ST (resp. s;) E H’(S,, Z/22) denote the cohomology class corre- 
sponding to S,+ (resp. S; ) as a group extension of S, by Z/22, where S,+ ,
S; are the stem covers of S,, (see [ 121). Let f(X) E K[A’] be a separable 
irreducible polynomial of degree iz, E= K[X]/(f(X)), qE(X) = trEjK(XZ) 
the trace quadratic form on E. Let dEE K*/K** be the discriminant of E 
over K, L 3 E the splitting field of f(X). G = G(L/K) 4 S,. Then the com- 
posite 
e: G KA GciS, 
with G, = absolute Galois group of K induces 
e* : H’(S,, Z/22) + H’(G,, Z/22) rr. Br,(K), 
where Br?(K) is the kernel of multiplication by 2 in Br(K), 
Serre’s Formula 
(a) e*(s,‘)=w(q,)+(-2,d,) 
(b) e*(s;)=w(q,)+(2, d,) (see [12, Theorem 11). 
Let 1 -+ A -+ H +g G + 1 be an extension of G by A, H finite, A abelian. 
Then in order that there exist a lifting of res: G, -+ G to a (continuous) 
homomorphism h: G, + H for which gh = res, it is necessary and sufficient 
that inf(c) = 0, where c E H2(G, A) is the class defining H and 
inf: H’(G, A) -+ H’(G,, A) 
is the inflation map induced by res [3]. Thus if c is the image of a class 
c’ E H*(S,, Z/22), then 
inf(c)=Ooe*(c’)=O. 
We will focus on the following two cases. 
Case 1. G=S,, c=s* 
Case 2. G N A,, (the ’ alternating group), 
image(s;) E H’(A,,, Z/2Z). 
c = a, = image(s’ ) = 
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Thus in Case 1, the lifting exists (the embedding problem is solvable) if 
and only if 
e*(s,F ) = w( qE) + ( T 2, dE) = 0 
and in Case 2, d,= 1, so the lifting exists if and only if 
inf(a,z) = e*(s+) = w( qE) = 0. 
Note that in Cases 1,2 any lifting is automatically surjective since c is 
nontrivial. 
Now letf(Xj=Y+aX+b, a, bEK, ~124, d=d,. 
Trinomial Formulae (written multiplicatively) 
(i) If n =4nz or 4m + 1, then 
e*(,sA) = (2m, d)( - 1, - 1)” 
e*(s;) = (-2m, d)( - 1, - 1)“. 
(ii) If n = 4nz + 2 or 4m + 3, then 
e*(s,‘j=(-2m-1, -d)(-1, -l)m+l 
e*(s;) = (2nz + 1, -d)( - 1, - l)‘,. 
(See [12, Corollary to Lemma 11.) 
It is convenient to rewrite these formulae as follows: 
(iii) If n=Sk or 8k+ 1, then 
e&T I= (k 4 
e*(s; ) = ( -k, d). 
(iv) Ifn=8k+2 or 8k+3, then 
e*(s,‘)=(-4k-1, -d)(-1, -1) 
e*(s;) = (4k + 1, -d). 
(v) If n=8k+4 or 8k+5, then 
e*(s,‘)=(2(2k+l),d)(-1, -1) 
e*(s;)=(-2(2k+l),d)(-1, -1). 
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(vi) Ifn=8k+6 or 8k+7, then 
e*(s,:)=(-4k-3, -d) 
e*(s;)=(4k+3, -d)(-1, -1). 
2. A REGULARITY LEMMA 
LEMMA 1. Given a field k of characteristic 0, .x1, . . . . x, indeterminates 
over k. Let t E k(x 1, . . . . x,) 1 k. Then k(t) is algebraically closed ipz 
k(x I ? ..-, x,,) if and onIy if given any s E kfx, , . . . . x,) with t E k(s), we haae 
k(sj=k(t). 
ProoJ e: Let Kc k(x,, . . . . x,) be algebraic over k(t). Then by Luroth’s 
theorem [7, p. 1371, since tr deg,K= 1, K is a rational function field k(s), 
and t E k(s). Then K = k(s) = k(t). 
3: Let t E k(s), so that k(t) c k(s). Then s is algebraic over k(t j, hence 
sEk(t) and k(s)=k(t). 1 
LEMMA 2. Let an embedding k(T) 4 k( U, V), T, U, V indeterminates, be 
defined bj 
TwaU2+bV2, a, b E k*. 
Then k( Tj is algebraically closed in k( U, V). 
Proof If not, then by Lemma 1, T= f(S), where S = g( U, Vj, and 
k(S) # k(T). Thus alI2 + b V’ = f (g( U, V)) identically. Write f(X) = 
fi(X)/f2(X), fi, f2Ek[X] relatively prime. Let c(X), d(X)E k[X] with 
c(X) f,(X) + d(X) fi(X) = 1. Let R be the integral closure of k[T] in k(S), 
We may replace S by an element of R. Then S is integral over k[ U, V] 
which is integrally closed, hence we may assume S= g( U, V) is a polyno- 
mial. We specialize V= CY in the equation (aU2 + bV’) f2(S) = fi(S) to get 
(aU’+b@*jfAg(U, ajj=f,tg(U, 01)). But f,(g(U, a)) and fAg(U,ajj are 
relatively prime since cf, + df2 = 1 is still valid after substituting V= BL. 
Hence f,(g( U, CI)) is a constant Ek, for every CY Ek. Hence f2(g( U, V)) is a 
polynomial in V alone. A similar argument implies that f,(g(U, V)) is a 
polynomial in U alone. Hence fJg(U, V)) is a constant in k, hence 
T = f (S), f a polynomial, = f (g( U, V)). Now 2 = deg L, ( T) = deg 1’. deg U g. 
If deg f= 1, then T=f(S)+SEk(T), done. If deg f=2 then deg,,g and 
similarly deg.g=l so g=orU+.pV+y. But aU2+bV2=6(aU+flVjZ+ 
(linear in U, V) contains the term 6aPUV. 6 # 0 =z- a or j? = 0, say jI = 0, 
*g = g(U), T= f (g( U)), contradiction. 1 
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3. DOUBLE COVERS VIA TRINOMIALS 
Let T be an indeterminate and consider the trinomial 
f(X)=f(X, T)=X’+nTX+(n-1)T 
as a polynomial in X, n >4. Then the discriminant d of f(X) modulo 
squares is given by 
d= (-l)(“-‘)“n(l+T), 
i 
n odd 
(-l)““(n-1)(1-T’), n even. 
The splitting field L of f(X) over Q(T) is a regular extension of (D(T) 
and its Galois group over Q(T) is S,. (See [9, Section 31 or [6, p. 841, or 
consider 
and apply Hilbert’s criterion [2]: The derivative of x” - nX has distinct 
roots and X” - nX takes on distinct values at these roots, so X” - nX+ u 
has also Galois group S, over Q(U). The discriminant is computed from the 
well-known formula for the trinomial X” + aX+ 6, and the regularity 
follows from this since the quadratic subfield Q( T, &) is clearly regular 
since d is linear in T or Tp ’ modulo squares.) 
We seek to make the obstructions e*(s:) vanish “generically”. First note 
that d (modulo squares) is linear in T or T-l. We will now embed Q(T) 
into Q( U, V) (U, V indeterminates) by a substitution of the form 
T= aU2 + bV’ + c, 
a, b, c E Q, a, b # 0. By Lemma 2, Q(T) is algebraically closed in Q( U, V), 
hence by [IS, Theorem 2, p. 56 and Corollary 6, p. 581, L( 17, V) is a regular 
extension of Q( U, V) with Galois group S,z. 
We will now see when a, b, c can be chosen so that e*(s:) vanishes. In 
each such case L( U, V)/Q( U, V) embeds into a regular S”-extension of 
Q(U, V). We refer to the trinomial formulae (iii)-(vi) in Section 1. 
Case 1. n = 8k or 8k+ 1. Since e*(s:) = (k, d), we may choose the 
substitution 
d= U2-kV2, 
where by this we mean 
(-l)(“-1)/2n(1+ T)= U2-kV2, n odd 
(-1)“/2(n-1)(1-TT-1)=U2-kV2, n even. 
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Since the left hand side is linear in T, this is a substitution of the form 
T= aU* + bV2 + c, e.g., in the first one (n odd) 
T=((-1) ‘“~“!‘/n)U*-((-l)(n-1)9/,)ky2_r. 
The substitution makes (k, d) trivial, since U2 - kV2 is a norm from 
Q(U, V)(&). Similarly e*(s;) = (-k, d): so we take d= U2 + kV2. 
Case 2. n=8k+2 or 8k+3. Here e*(s;)=(4k+l, -d)=(r, -d) 
with r=4k+ 1. To make (Y., -d) vanish we take -d= U2-rV2. We turn 
toe*(s,‘)=(-4k-1, -d)(-1, -1)=(-r, -d)(-1, -l)witbr=4k+l. 
Since --r E - 1 (mod 4), --Y $ Q;‘; also --Y 4 R*‘. (Here R, Q2 denote the 
real number field and the 2-adic rational number field respectively.) Hence 
by[10,p.24]thereexistssEQSsuchthat(-r,-s)=(-1,-I).Wenow 
take d=s(U’+rV’). 
Case 3. n = 8k + 4 or Sk + 5. From formula (v) above, it is clear that 
e*(s,+ ) can never vanish, since specializing to Q will always yield (- 1; - 1) 
at co. On the other hand, since -2(2k+ 1)#QT2, R*2 as in Case 2 there 
is an SEQ* such that (-2(2k+l), -s)=(-1, -I), and we may take 
d= -s(U2+rV2), r=2(2k+ l), to make e*(s;) vanish. 
Case 4. n = 8k + 6 or Sk + 7. Formulae (vi) shows that e*(s; j cannot 
vanish, whereas e*(.s,‘) can be treated as in previous cases by taking 
-d = U2 + rV2, r = 4k + 3. We therefore have 
THEOREM 1. Let U, V be indeterminates. For all n f 4, 5 (mod 8), there 
is a regular Galois extension of Q( U, V) with Gaiois group S, . For ail 
II f 6, 7 (mod 8), there is a regular Galois extension of Q( U, V) with Galois 
group Sz . 
By Hilbert’s irreducibility theorem, the same holds over every number 
field, which has been proved in [9] and [lS] by the same basic method. 
However the following theorem shows the generic nature of the preceding 
theorem. 
THEOREM 2. Let K be a field of characteristic zero, g(X) = X” - aX + b 
irreducible in K[X]. Suppose the splitting field N of g(X) over K has Galois 
group G c S, and embeds into a G+ (resp. G- ) extension of K? where G + 
(resp. G- ) denotes the preimage of G in S,+ (resp. S; j. Then g(X) is a 
specialization of 
f(X, T(U, V))=Y+nT(U, V)X+(n-1) T(U, V)EK[U, V.XIT 
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T(U, V)=a’U2+b’V2+c’ 
is the substitution determined in the proof of Theorem 1. 
Prooj Serre’s theorem [ 1 l] states that the embedding of N/K into a 
G’ extension exists if and only if e*(s’) = 0. Moreover, g(X) is a 
specialization off(X, T), suitable normalized [6, p. 851: 
where 
If we examine the trinomial formulae, we see that in order that e*(s’) 
vanish, the specialization of T that yields g(X) must be a specialization of 
T( U, V) as in the proof of Theorem 1. For example, in Case 1, (k, d) = 1 if 
and only if d is a norm from K(d), i.e., d = u* - kv* with u, v E K. This 
implies that the corresponding linear function of T (or T-) is of the form 
u* - kv2, hence a specialization of U’ - kV’. 
In Case2, where e*(s,+)=(-r, -d)(-1, -l), if seQ* with (-r, -3) 
=(-1, -l), then (-r, -d)(-1, -1)=(--r, -s)(-1, -l)(-r,sd)= 
(-r, sd) which is trivial if and only if sd = U’ + rv*, U, v E K, so again the 
specialization of T must be a specialization of T( U, V) as in the proof of 
Theorem 1. 1 
We return now to the polynomial f(X, T) and consider its use in 
realizing A,,. In this case d must be a square, and e*(s,+) = e*(s;) is the 
embedding obstruction. We make the generic substitution d= U2, so that 
Q(T)($) = Q(U) is the quadratic subfield of L, so that f(X, T(U)) has 
splitting field L over Q(U) and is a regular Galois extension of Q(U) with 
Galois group A,. 
Case 1. n = 8k or 8k + 1. Since d = U*, e*(s: ) = ( f k, U) = 1. 
Case 2. n=8k+2 or 8k+3. Here e*(s’)=(4k+l, -l)= 
(8k + 2, - 1). This is trivial if and only if 8k + 2 is the sum of two squares. 
Case 3. e*(s’)=(-1, -l)#l. 
Case 4. e*(s’)=(-4k-3, -l)#l. 
We therefore have 
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THEOREM 3. (Vila [14]). Let U be an indeterminate. For n r0 or 1 
(mod 8) for n E 2 (mod 8) a sum of two squares, andfor n = 3 (mod 8) with 
n - 1 a sum of two squares, there is a regular extension of Q( U) with Gaiois 
group A”, .
Note. In this case n 3 3 (mod 8), Theorem 3 can be proved under the 
weaker hypothesis n a sum of three squares xi +.x: + xi, with 3x: d n + I, 
(n, xi) = 1, by considering polynomials X” + (aX+ b)k. (See Vila [ 141.) So 
far this hypothesis seems to hold for all n = 3 (mod 8). 
We add that the analogue of Theorem 2 for 2, via trinomials 
X” + aX+ b is valid, with a similar proof. 
4. CENTRAL EXTENSIONS OF S,. 
A central extension of a group G is an extension 
l+Ac;g+G+l 
in which A c center of c. 
We will apply the trinomial results to prove 
THEOREM 4. Every central extension of S,, is a GaIois group over every 
number field for the following values of n: 
n-0 or I (mods) 
n = 2 (mod 8), n a sum of two squares, 
n = 3 (mod 8), n - 1 a sum of two squares. 
In the cases n = 2 (resp. 3) (mod 8), every central extension of S, is also 
a Galois group over Q (or any number field K not containing fi) if n 
(resp. n - 1) is of the form x2 +,~JT~. 
For the proof, we use the following reduction [4, Theorem 63: 
LEMMA 3. Let n be an integer 22, k a number field. If S,+ 51C2m is a 
Galois group over k for all m 3 1, then every central extension of S,z is a 
Galois group over k. 
Here S: cx2CzPm denotes the pullback of the diagram S: --+ C, t Czm, 
where Ci denotes a cyclic group of order i. 
Remark 1. It is actually enough to prove the lemma for SC or S,; 
alone: if S,+ :2Czm N G(M/k), then M= LK, where L n K = k(G), L/k, 
K/k are Galois, G(L(k) 2: ST, and G(K/k) N C,,. Now for mb 2 this 
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implies in particular that k(&) embeds into a cyclic extension of degree 4, 
which is equivalent to -1 a norm from k(3), i.e., (- 1, d) = 1. Now we 
are given that G&/k) N S,+, so there is a subfield L, of L, Galois over k, 
with G(L,/k) N S,. Then the obstruction e*(s,‘) to embedding L,/k into 
an S,t extension is trivial: e*(s,:) = 1. But e*(s;) = e*(sT)( - 1, d) = 1 as 
well, so L,/k embeds into an S, extension L’lk, so G(L’K/k) N S, g C,,. 
Proof of Theorem 4. Fix a number field K, m > 2, and n satisfying the 
hypotheses of Theorem 4. We will prove that there exists a trinomial 
whose splitting field L over K has Galois group S,, the corresponding 
obstruction e*(s,f) = 1, and the discriminant subfield K(a) embeds into 
a cyclic extension of K of degree 2”. For this purpose we apply a theorem 
of Gaddis [ 11, recently rediscovered by 0. Neumann [S], which states that 
given any number field K, do K*i K*2, there exists a trinomial f(X) = 
X” + aX+ b E K[X] with Galois group S, over K and discriminant d 
mod K*2. 
First consider the case K= Q. We are reduced to proving 
(+ ) Given any positive integer m, there exists an integer d which is 
a product of primes p = 2 or p = 1 (mod 2”) and the expressions e*(.r,’ ) in 
the trinomial formulae vanish. 
Indeed, if d is such a product, then Q(a) embeds into a cyclic exten- 
sion of degree 2”‘, since this is true for Q(G) and for Q(h), p = 1 
(mod 2”). 
Let n =8k or 8k+ 1, so e*(s,+)= (k, d). Claim d=p, a prime ~1 (2”k) 
works, assuming m > 3, without loss of generality. The global symbol (k, p) 
is trivial if and only if all the local symbols (k, p), are. This is clear for 
q=co sincep>O and for q=2 ifp=l (mod8). We may assumepjk, so 
for q not dividing pk, (k, p), = 1. Let k= rl “.Y, .u’, pi, . . . . rr distinct 
primes. Then (k, pj,= (ri, p),...(r,, p),, so it suffices to make (r, p),= 1 
for r = ri, i= 1, . . . . t. If q = p, then (r, p), = (r/p) = 1 if r = 2 and p = 1 
(mod 8) and equals (p/r) = 1 if p E 1 (mod 4r). If q= r, then 
(r, p),= (p/r) = 1 if p = l(r). Hence (k, p) = 1 if p = 1 (mod 8k), so (+) 
holds for d a prime p = 1 (mod 2mk). 
Now let n = 8k + 2 or 8k + 3. We first seek, as above, d = a prime 
p = 1 (mod 2”) such that (+ ) holds, i.e., (-4k- 1, -p)( - 1, - 1) = 
(4k+ 1, -p) = 1. 
Write 24 =4k + 1. Consider the local symbols (u, -p),. u > 0 so 
(u, -p), = 1. Since p= 1 (8), (u, -P)~= (u, -l)z= 1 since UE 1 (mod4). 
At q = p, (u, -p), = (u, - 1 )P (u, p),. We assume p 1 U, so (u, - 1 )P = 1 and 
(u, p),= (u/p) = 1 if p- 1 (mod u). For q/u (we may assume to an odd 
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power), we have (24, -pj, = (4, -14, = t--~/d = (- lld(plq) = (- l/g) 
(since we are assumingp~l(q))=(-1)‘Y-1’.i2=1~q~1 (mod4). This 
forces u to be a product of primes E 1 (4) and hence a sum of two squares 
u = x2 + y*. We see also that this condition is sufficient. 
Consider d= 2. We want (u, -2) = 1, which is equivalent to u of the 
form x2 f 2~‘. 
If we note that (4k + 1, d) = (8k + 2, d), since for all the above values of 
d, (2, d) = 1, we have proved the theorem when K= Q. 
If we try to prove the theorem for n = 8k + 4 or 8k + 5, our requirements 
on d force d to be positive, hence e*(s,‘), cannot vanish. If n = 8k + 5 or 
8k -i 7, the same is true. 
Now let K be a number field, K’ its normal closure over Q. In the above 
proof, whenever d is a prime p, there are infinitely many choices for p, 
hence we may choose d so that ,J?$ K’, hence the S,+ ; C,, extension L./Q 
thus constructed satisfies L n K= Q, and we are done. 2 
If d5$ K, then K(,,h) . is contained in a Z,-extension of K, and Gaddis’ 
theorem applies to K(J5). The obstruction is (4k-t 1, -2) which vanishes 
when 4k + 1 = x2 + 2t,’ (as in the case K = Q). 
Remark. The analogue of Lemma 3 for A,, is that if 2, is a Galois 
group over a number field K, then so is every central extension; this is easy 
to prove (see [13]). 
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